We measure the dispersion of the Cu-O bond-stretching phonon mode in the high-temperature superconducting parent compound Ca 2 CuO 2 Cl 2 . Our density functional theory calculations predict a cosine-shaped bending of the dispersion along both the (ξ00) and (ξξ0) directions, while comparison with previous results on Ca 1.84 CuO 2 Cl 2 show it only along (ξ00), suggesting an anisotropic effect which is not reproduced in calculation at optimal doping. Comparison with isostructural La 2−x Sr x CuO 4 suggests that these calculations reproduce well the overdoped regime, however they overestimate the doping effect on the Cu-O bond-stretching mode at optimal doping.
The role of electron-phonon coupling in high-temperature superconducting (HTS) cuprates has been debated since their discovery [1] . Although the general belief is that coupling with phonons is not the main mechanism driving Cooper pair formation in HTS cuprates [2] , their role is still not completely understood. For example, the electron-phonon coupling exhibits anomalous doping dependence with a very large oxygen isotope effect close to 1/8 doping [3, 4] . A decade ago, the debate around the role of electron-phonon coupling was revived by the observation of a strong kink in the electronic band dispersion measured by angle-resolved photoemission spectroscopy (ARPES) [5] which was thought to originate from phonon interactions. The Cu-O bond stretching phonon [6] [7] [8] [9] [10] [11] [12] , which softens with doping, is the most likely candidate for this interaction [13] . Subsequent density functional theory (DFT) calculations [14] [15] [16] , could explain rather well the phonon softening despite small electron-phonon coupling, but they could not explain the large ARPES kink. However, it was suggested that large couplings may still exist due to many-body effects in the presence of strong electron-electron correlations [17] which are not captured by these DFT calculations.
In this Letter, we present inelastic x-ray scattering (IXS) measurements of the parent compound Ca 2 CuO 2 Cl 2 [20, 21] . We demonstrate that doping induces a softening of the Cu-O bond-stretching phonon by comparing with previous reports [22] on the vacancy-doped compound Ca 1.84 CuO 2 Cl 2 [23] , which is near optimal doping. This result is consistent with the above cited reports of doping-induced softening in other HTS cuprates. The softening however is anisotropic which disagrees with our DFT calculations. We show by comparison with La 2−x Sr x CuO 4 [24] , since Ca 2−x CuO 2 Cl 2 cannot be overdoped, that DFT calculations actually reproduce the strongly overdoped region in HTS cuprates. The failure of the DFT calculations to reproduce this important phonon mode near optimal doping naturally explains its inability to reproduce the observed large ARPES kink. In the future our results on Ca 2 CuO 2 Cl 2 , coupled with previous reports on Ca 1.84 CuO 2 Cl 2 [22] , may help bridge this gap between theory and experiment in the HTS cuprates. The Ca 2 CuO 2 Cl 2 system is ideally suited to advanced many-body calculations trying to capture the predicted larger electron-phonon coupling due to electronic correlations because of its light elements and simple structure [25, 26] .
Single crystals of Ca 2 CuO 2 Cl 2 were grown by the flux method as described in Ref. 19 . The phonons were measured using inelastic x-ray scattering (IXS) at the BL35XU beamline of SPring-8 [27] . Grease/oil was used to protect the hygroscopic samples from air and to mount them on copper sample holders in a cryostat. The cryostat was used just for its vacuum to protect the samples and minimize air scattering. However, the measurements were taken at room temperature which is possible with Ca 2 CuO 2 Cl 2 because the lower energy modes are weaker due to the low Z atoms and therefore do not wash out the higher energy modes [22] . DFT calculations of the phonon dispersion for Ca 2 CuO 2 Cl 2 and La 2 CuO 4 were car-3 ried out using the linear response or density-functional perturbation theory implemented in the framework of the mixed-basis pseudopotential method [28] . The lattice structure of Our results are summarized in Fig. 3 Our DFT and shell model empirical calculations are shown in Fig. 3 samples, however they are more representative of undoped HTS cuprates as seen in Fig. 3 .
Except for a slight shift, the higher optic mode along ∆ 3 agrees well with shell calculations.
The DFT calculations predict a softening along Σ 1 similar to that along ∆ 1 . We found however that near optimal doping DFT calculations fail in both compounds along Σ 1 . The difference near the zone center is small, however it grows larger near the zone boundary since DFT predicts a strong downward dispersion towards the zone boundary. We find the opposite trend in Ca 1.84 CuO 2 Cl 2 which actually has an upward dispersion, while La 1.85 Sr 0.15 CuO 4 does disperse downwards but quite weakly.
The apparent contradiction between theory and experiment is resolved by considering the overdoped HTS cuprates. As shown in the right panel of Fig, 3 , the dispersion of La Jahn-Teller effects, however they did not elaborate further on the actual difference [35] .
Moreover, their calculated frequencies were shifted since they used an idealized tetragonal structure for undoped La 2 CuO 4 . On the contrary, our present calculations shown in Fig. 3 use the experimental lattice constants for La 1.7 Sr 0.3 CuO 4 and agree with experimental results at Γ and along the other branches without an energy shift. The difference between DFT calculations and experiment along Σ 1 in the underdoped to optimally doped regime can be simulated using phenomenological models of the dipole and charge fluctuations [36] , however this technique is not first-principles since it uses a shell-model approach with fitted parameters.
In conclusion, we show that the softening of the Cu-O bond-stretching mode induced by doping in Ca 2−x CuO 2 Cl 2 is anisotropic near optimal doping, with a marked difference along ∆ 1 and Σ 1 , i.e. full-and half-breathing modes. This is in striking disagreement with DFT calculations which we show actually reproduces the modes in overdoped cuprates, using La 2−x Sr x CuO 4 as an example. This in turn could explain a smaller calculated effect on the ARPES extracted self-energy in DFT. An anisotropic electron-phonon coupling could be relevant to understanding the physics of cuprate superconductivity as pointed out by [4] , and oxychloride cuprates are an optimal playground to test advanced many-body calculations trying to capture the effects of electronic correlations.
